Harmonic generation is a general characteristic of driven nonlinear systems, and serves as an efficient tool for investigating the fundamental principles that govern the ultrafast nonlinear dynamics. In atomic gases 1 , highharmonic radiation is produced via a three-step process of ionization, acceleration, and recollision by strong-field infrared laser. This mechanism has been intensively investigated in the extreme ultraviolet and soft X-ray regions 2 , 3 , forming the basis of attosecond research 1 . In solid-state materials, which are characterized by crystalline symmetry and strong interactions, yielding of harmonics has just recently been reported 4,5,6,7,8,9,10,11,12,13,14,15,16,17,18,19 . The observed high-harmonic generation was interpreted with fundamentally different mechanisms 14,15,16,17,18,19, 20 , 21 , 22 , 23 , such as interband tunneling combined with dynamical Bloch oscillations 4,5,6,7,8,9,10,11,12,14,20,22 , intraband thermodynamics 18 and nonlinear dynamics 23 , and many-body electronic interactions 15,16,17,18,21 . Here, in a distinctly different context of three-dimensional Dirac semimetal, we report on experimental observation of high-harmonic generation up to the seventh order driven by strong-field terahertz pulses. The observed non-perturbative high-harmonic generation is interpreted as a generic feature of terahertz-field driven nonlinear intraband kinetics of Dirac fermions. We anticipate that our results will trigger great interest in detection, manipulation, and coherent control of the nonlinear response in the vast family of three-dimensional Dirac and Weyl materials.
near-infrared HHG, the interband transitions (combined with Bloch oscillations) play the major role, while the linear dispersion relation is not a prerequisite 11 . A similar mechanism involving interband transitions can also be applied to THz HHG in lightly-doped multi-layer graphene, whereas exact shape of the carrier distribution was found to only play a minor role 12 . In contrast, for heavily electron-doped graphene, intraband processes become important and HHG was ascribed to THz-field heated hot-electrons while assuming the electron subsystem thermalized quasiinstantaneously 19 .
One may expect to observe THz HHG universally in the Dirac materials also of higher dimension, e.g. three-dimensional (3D) Dirac or Weyl semimetals. However, THz HHG so far has not been reported for this class of materials, and the mechanism for observing THz HHG in a 3D Dirac material remains elusive. Here we report on time-resolved detection of nonperturbative THz HHG in the 3D Dirac semimetal Cd3As2, and a real-time theoretical analysis of the THz-field driven kinetics of the Dirac fermions that is directly linked to the linear dispersion relation. Our results show that the THz-field driven nonlinear kinetics of the Dirac electrons is the mechanism responsible for the efficient generation of high-harmonic radiation, as well as for its non-perturbative fluence dependence in Cd3As2.
As being both theoretically predicted and experimentally confirmed 28 , 29 , 30 , 31 , 32 , 33 , Cd3As2 is a well-established roomtemperature 3D Dirac semimetal with Fermi velocity about 10 5 -10 6 m/s. Very compelling topological properties such as topological surface states and 3D quantum Hall effects have been realized in this system 34, 35, 36, 37, 38 . In high-quality Cd3As2 thin films prepared by molecular beam epitaxy (see Methods) 39 , we observe HHG unprecedentedly up to the seventh order in the non-perturbative regime. THz harmonic radiations were recorded with femtosecond resolution at room temperature (see Methods). Figure 1a displays the detected electric field as a function of time delay for the third harmonic radiation, induced by a multi-cycle pump pulse ( Fig.2a ) with a peak field of 144 kV/cm characterized by its central frequency of f = 0.67 THz (Fig.1b ). The power spectrum of the harmonic radiation is obtained by Fourier transformation of the time-domain signals, which exhibits a sharp peak at 3f = 2.01 THz (Fig.1b ). To further characterize the third harmonic generation, we measured the timeresolved signals for different pump-pulse intensities. As summarized in Fig. 1c , the fluence dependence of the third harmonic radiations remarkably does not follow the cubic law, but exhibits a power-law dependence as 3 ∝ 2.5 on the pump-pulse intensity , which reveals a non-perturbative nonlinear response.
To understand the non-perturbative harmonic generation, we performed real-time theoretical analysis of the THz driven kinetics of the 3D Dirac electrons. For the electron-doped system, interband electronic excitations are Pauli-blocked for the THz pulses, thus we focus on the intraband kinetics of the nonequilibrium state by adopting a statistical approach of the Boltzmann transport theory. The initial state of thermodynamic equilibrium is defined by the room- for the 3D Dirac electrons obeying the linear dispersion relation ( ) = | | , with and denoting momentum and Fermi velocity, respectively, for Fermi energy, the Boltzmann constant, and for temperature. In presence of the THz pulse, the driven transient state is characterized by distribution function ( , ) , the timedependent evolution of which is governed by the Boltzmann equation 40, 41 ( + 1 ) ( , ) − ( ) • ∇ ( , ) = 0 ( ) Where the linear dispersion relation has been implemented, and ( ) denote the electron charge and the THz electric field, respectively, and is the characteristic relaxation time for intraband processes (see Methods). We note that is the only phenomenological parameter, and the analysis is performed without further assumptions. In particular, we do not presume that the electron subsystem thermalizes quasiinstantaneously or a Fermi-Dirac distribution should be obeyed by the transient states. In contrast, by solving the Boltzmann equation, we obtain the real-time distribution of the transient state. By comparing it with equilibrium-state Fermi-Dirac distribution, we can claim whether the corresponding transient state is nearly thermalized or far from thermodynamic equilibrium. Furthermore, we can derive the time-dependent current density, hence the THz field-induced harmonic radiations, the fluence dependence of which can be compared to the experimental observations.
For the experimentally implemented THz pump pulses (see Fig.2a for the waveform) with a typical electric-field peak strength of 110 kV/cm, the obtained current density ( Fig.2b ) and transient-state distribution functions are illustrated in Figs.2c-2f, corresponding to the representative time delays (red symbols) marked in Fig.2a and Fig.2b , for the experimental values of Fermi energy = 118 meV and Fermi velocity = 7.8 × 10 5 m/s as estimated from Shubnikov-de Haas oscillations 39 , and the relaxation time = 10 fs. The electric field of the linearly-polarized pump pulse is set along the direction.
The microscopic origin of HHG resides in the nonlinear kinetics of the electron distribution (see Fig. 2d -2f) combined with the linear energy-momentum dispersion relation. Before the pump pulse arrives, the electrons in the upper band are in thermodynamic equilibrium, and fills the Dirac-cone up to around the Fermi energy according to the Fermi-Dirac distribution (Fig. 2c ). When the pump pulse is present, the electrons are not only accelerated by the THz electric fields, but at the same time also scattered. Although the latter process is dissipative, the former one can very efficiently accumulate energy into the electron subsystem, leading to a stretched and shifted distribution along the field. In particular, at the peak field (symbol point 2 marked in Fig.2a ), the distribution is most strongly stretched and shifted in the field direction ( Fig.2d ) resulting in the maximum current density and a peculiar flat-peak-like feature (Fig.2b) , thereby leading to very efficient HHG. In clear contrast to the Fermi-Dirac distribution of thermodynamic equilibrium states that is spherically symmetric for the 3D Dirac semimetal (manifested as circularly symmetric in the 2D plots), the obtained strongly stretched and highly asymmetric distribution due to the presence of the strong THz field evidently shows that the electron subsystem is far from thermodynamic equilibrium. As shown in Fig.2f , the electron distribution becomes nearly symmetric in low THz fields, indicating that a quasithermalized situation is reconciled in the low-field limit. For various pump-pulse peak field strength, the intensity of the third-harmonic radiation is shown in Fig.1c for relaxation time = 10 fs. The theoretical results reproduce excellently the observed non-perturbative fluence dependence of the third-harmonic generation up to about 80 kV/cm of the peak field strength, though a deviation from the experimental data occurs at higher fluences. This deviation could be due to enhanced probability of interband multiphoton tunneling in the high electric-field limit, which is not included in our semiclassical analysis. Nevertheless, we found that the nonperturbative dependence on pump-pulse fluence is a generic feature of the THz driven nonequilibrium states in the Dirac systems. Furthermore, we found that efficiency and fluencedependence of the THz HHG is very sensitive to the scattering rate 1/ . By decreasing the scattering rate (or suppressing the dissipative processes), the transient distribution function is further stretched for the same electric-field strength, resulting in greater current density (c.f. = 30 fs in Fig.2b ) and enhanced HHG efficiency.
In order to detect higher-order harmonic radiations, we utilized lower-frequency and strong-field THz pump pulses (see Methods) 42 . Figure 3a shows the observed harmonic radiations up to the seventh order for the pump-pulse frequency of 0.3 THz (see Fig.3b for the waveform). Only the odd-order harmonics are observed, providing the spectroscopic evidence for the existence of inversion symmetry in the crystalline structure of Cd3As2 (see Ref. 33 ). Our experimental results not only set the record for THz HHG in the 3D Dirac materials, but also present the striking observation of the non-perturbative fluence dependence for all the observed harmonic radiations, as presented in Fig.3c-3e .
For the third harmonic radiations, the fluence dependence is also slightly below the cubic power-law dependence, similar to the behavior for the 0.7 THz pump pulse. Moreover, for the higher-order harmonics, the deviation from the corresponding perturbative power-law dependence is further increased. These features are perfectly captured by our quantitative theoretical analysis. By implementing the experimental pump pulse (see Fig.3b ) in our calculations, the time-resolved harmonic signals are derived as a function of pump-pulse fluence. The best fitting for all the experimentally observed HHG is achieved at = 10 fs (see Fig.3c-3e ). The obtained value of = 10 fs is comparable to that in graphene 43 and while smaller than, is in the same order of magnitude as the estimate from Shubnikov-de Haas measurements 39 . These results strongly indicate that the THz field-driven nonlinear kinetics of the Dirac electrons is the mechanism responsible for the observed non-perturbative nonlinear response in Cd3As2. Although for the seventh harmonic the experimental uncertainty is enhanced at the lowest fluence, the fluence dependence far away from the perturbative one is a clear and consistent experimental and theoretical observation. We note that the observed nonperturbative response suggests that the experimental setting is close to but still below the so-called high-harmonic plateau regime, in which the HHG intensity remains almost constant for the high orders and drops abruptly at a cutoff frequency as found in gases as well as in solids 1, 14 .
The established mechanism of THz HHG here based on the driven nonlinear kinetics of Dirac electrons is different from those mechanisms proposed for HHG in graphene 11, 12, 19, 24 , in which either the interband transitions were found playing the dominant role or the intraband electron subsystem is assumed to thermalize quasi-instantaneously. In contrast, in the context of the 3D Dirac system, we found that, firstly, in the presence of strong THz fields, the entire upper-band distribution is strongly stretched and highly asymmetric, denying a description using the Fermi-Dirac distribution of thermodynamic equilibrium states that is symmetric along the Dirac cone. Secondly, for the intraband kinetics, the linear energy-momentum dispersion is crucial for the THz HHG, whereas for a parabolic dispersion the induced radiation field ∝ ∝ ∝ should follow the pump field , hardly yielding harmonics. Thirdly, the exact shape of the electron distribution and its real-time evolution, as obtained from the Boltzmann transport theory, is directly responsible for the THz HHG. A higher efficiency is revealed for the cases of a more strongly stretched and highly asymmetric distribution, due to stronger THz electric field and/or reduced scattering rate.
In conclusion, we have observed THz driven high-harmonic generation up to the seventh order unprecedentedly in the 3D Dirac semimetal Cd3As2. The fluence dependence of all the observed HHG was found well beyond the perturbative regime. By performing real-time quantitative analysis of the THz field-driven intraband kinetics of the Dirac electrons using the Boltzmann transport theory, we have established the nonlinear intraband kinetics as the mechanism for the observed THz HHG in Cd3As2. The mechanism found here for THz HHG is expected to be universal in the vast family of 3D Dirac and Weyl materials 44 , which provides strategies for pursuing high efficiency of THz HHG, and establishes HHG as a sensitive tool for exploring the interplay of various degrees of freedom. Towards the higher electric-field regime, an experimental realization of THz HHG plateau in the Dirac materials and a full quantum-mechanical dynamic analysis are still outstanding from both the fundamental and the application points of view. calculations and analyzed the data. J.L. and F.X. fabricated and characterized the high-quality samples. S.G., P.v.L., and Z.W. characterized linear THz response of the samples. Z.W. wrote the manuscript with contributions from S.K., R.M.A.D., S.G., J.L., P.S. and T.O. All authors commented the manuscript.
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